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Abstract 

In this paper, we consider a transmission problem in a bounded domain with a viscoelastic 
term and a delay term. Under appropriate hypothesis on the relaxation function and the 
relationship between the weight of the damping and the weight of the delay, we prove the 
well-posedness result by using Faedo-Galerkin method. By introducing suitable Lyaponov 
functionals, we establish a general decay result, from which the exponential and polynomial 
types of decay are only special cases. 
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1 Introduction 

In this paper, we study the transmission system with a viscoelastic term and a delay term 

utt(x,t) - au xx (x,t) + / g(t - s)u xx (x,s)ds 

Jo 

< +HlU t (x,t) + fi 2 U t {x, t - t) = 0, (x, t) € ft x (0, +oo), (1.1) 

k Vtt(x,t ) - bv xx (x,t) = 0, (x,t) € (Li,L 2 ) x (0,+oo), 

under the boundary and transmission conditions 


u(0,t) = u(L 3 ,t ) = 0, 

u(Li,t) = v(Li,t), 

* = 1,2, 

(1.2) 



(a-J 9 {s)d s'j u x (Li,t) = bv x (Li,t), 

* = 1,2, 



and the initial conditions 

u(x,0) = uo(x), ut(x, 0) = ui(x), x £ ft, 

< U t (x,t - t) = f 0 (x,t - t), x <E ft, t € [0, r], (1.3) 

^(i,0) = vo(i), v t (x, 0)=vi(x), x£(Li,L 2 ), 

where 0 < L\ < L 2 < L%, ft = (0,L\) U (L 2 ,L$), a, b, fj,\ , [i 2 are positive constants, and r > 0 
is the delay. 

1 E-mail: matdliwang@yeah.net 
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Figure 1: The configuration. 


The problems like (ll.ll) - (11.3l) related to the wave propagation over a body are called trans¬ 
mission problems, which consists of two different types of materials: the elastic part and the 
viscoelastic part. 

In recent years, many authors have investigated wave equations with viscoelastic damping 
and showed that the dissipation produced by the viscoelastic part can produce the decay of the 
solution, see [5] [6, 7£ S [Hi HU E, EJ [Iff, 22 s [23J [M] and the references therein. For example, 
Cavalcanti et al. |8] studied the following equation: 

lift — A'« + / g(t — r)Au(r)dr + a{x)ut + |u| 7 it = 0, in J)x(0 , oo), 

Jo 

where a : hi —> R+. Under the conditions that a(x) > a-o > 0 on ui C U, with co satisfying some 
geometry restrictions and 

-6 9 (t) < ff'(t) < -&g(t), t > 0, 


the authors showed the exponential decay. Then Berrimi and Messaoudi [5] proved the same 
result under weaker conditions on both a and g. Berrimi and Messaoudi [6] considered the 
equation 

utt — Au + / g(t — r)Aii('r)dr = |u| 7 u, in fl x (0,oo), 

Jo 

with only the viscoelastic dissipation and proved that the solution energy decays exponentially 
or polynomially depending on the rate of the decay of the relaxation function g. In all previous 
works, the rates of decay of relaxation functions were either exponential or polynomial type. 
For a wider class of relaxation functions, Messaoudi m investigated the following viscoelastic 
equation: 

utt ~ Art + / g(t — r)Au(r)dr = 0, in J7x(0, oo), 

Jo 

in a bounded domain, and established a more general decay result, from which the usual ex¬ 
ponential and polynomial decay rates are only special cases. Afterwards, Han and Wang m 
studied the nonlinear viscoelastic equation 


utt — Au + / g(t — r)Au(r)dT + \u\ dj(ut) = \u 


= UP- 1 , 


in hi x (0, T ). 


They obtained the global existence of generalized solutions, weak solutions for the equation. In 
addition, the finite time blow-up of weak solutions is established provided that the initial energy 
is negative and the exponent p is greater than the critical value. 
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It is well known that delay effects, which arise in many practical problems, may be sources 
of instability. Hence, the control of PDEs with time delay effects has become an active area of 
research in recent years. For example, it was proved in [91120] that an arbitrarily small delay 
may destabilize a system which is uniformly asymptotically stable in the absence of delay unless 
additional conditions or control terms were used. A boundary stabilization problem for the wave 
equation with interior delay studied in [T]. The authors proved an exponential stability result 
under some Lions geometric condition. Kirane and Said-Houari mi considered the viscoelastic 
wave equation with a delay 

utt(x, t) — Au(x, t) + / g(t — s)Au(x,t — s)ds + [iiut(x,t) +/i 2 Ut(x,t — t) = 0, in 0 x (0,oo), 

Jo 

where g\ and fi 2 are positive constants. They established a general energy decay result under 
the condition that 0 < g 2 < g-i- Later, Liu m improved this result by considering the equation 
with a time-varying delay term, with not necessarily positive coefficient g ,2 of the delay term. 

Transmission problems related to m-m have also been extensively studied. Bastos and 
Raposo [1] investigated the transmission problem with frictional damping and showed the well- 
posedness and exponential stability of the total energy. Munoz Rivera and Portillo Oquendo 
m considered the transmission problem of viscoelastic waves and proved that the dissipation 
produced by the viscoelastic part can produce exponential decay of the solution, no matter how 
small its size is. Bae |3] studied the transmission problem, in which one component is clamped 
and the other is in a viscoelastic fluid producing a dissipative mechanism on the boundary, and 
established a decay result which depends on the rate of the decay of the relaxation function. 

Motivated by the above results, we intend to consider the well-posedness and the general 
decay result of problem (ll.ll) - (11.3l) under some hypothesis in this paper. The main difficulty we 
encounter here arises from the simultaneous appearance of the viscoelastic term and the delay 
term. Our first intention is to study the well-posedness of problem (ll.ll) - (ll.3l) by making use 
of Faedo-Galerkin procedure, that is Faedo-Galerkin approximation together with energy esti¬ 
mates. For asymptotic behavior, we prove a general decay result from which the exponential and 
polynomial types of decay are only special cases by introducing suitable Lyaponov functionals. 

The paper is organized as follows. In Section [2] we give some materials needed for our work 
and state our main results. In Section [3] we prove the well-posedness of the problem. The 
general decay result is proved in Section 0] 

2 Preliminaries and main results 

In this section, we present some materials that shall be used in order to prove our main results. 
Let us first introduce the following notations: 

(. 9 *h)(t ) := f g(t - s)h(s)ds, 

Jo 

(. goh)(t ) := [ g(t - s)\h(t) - h(s)\ds, 

Jo 
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(gnh)(t) := f g(t - s)\h(t ) - h(s)\ 2 ds. 
J o 


Note that the sign of (g\Jh)(t) depends solely on the sign of g. We easily see that the above 
operators satisfy 

(9 *h)(t)= ( f fif(s)ds) h(t) - (go h)(t), 


\(goh){t)\ 2 < | 0 (a)|dsj {\g\Dh)(t). 

Lemma 2.1 For any g,h G C 1 (R) , the following equation holds 

2 [g * h\h' = g'Uh - g(t)\h \ 2 - jpDh - {^J p(s)ds^ |/i | 2 j . 

For the relaxation function g, we assume 
(Gl) g: R + —> R + is a C l function satisfying 

rt /*oo 

^(0) >0, 0 < /3(t) := a — g(s)ds and 0 < (3q := a — / p(s)ds. 

io io 

(G2) There exists a nonincreasing differentiable function f(t): R + —> R + such that 

r 00 

g'{t) < —£(t)g(t), Vt > 0 and / £(t)dt = +oo. 

Jo 

These hypotheses imply that 

A) < /3(t) < a. 

As in [20], we introduce the following variable: 

z(x, p, t ) = ut(x , t — rp), (x, p, t) G n x (0, 1) x (0, 00 ). 

Then the above variable z satisfies 

rz t (x, p, t) + z p (x, p, t) = 0, (x, p,t) G 0 x (0, 1) x (0, 00 ). 

Thus, system (11.11) becomes 

” u tt (x,t ) - au + g * 

+Piii t (x, t) + P 2 z(x, 1, t) = 0, (x, t) G x (0, + 00 ), 

Vtt(x,t) - bv xx (x,t) = 0, (x,t) G (Li,L 2 ) x (0,+ 00 ), 

„ TZ t (x, p, t) + Zp(x, p, f) = 0, (x, p, t) G O x (0, 1) x (0, + 00 ), 

and the boundary and transmission conditions (11.21) becomes 


( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 


u(0,t) = u(L 3 ,t ) = 0, 



u(Li,t ) = v(Li,t), 

* = 1,2, 

t G (0, + 00 ), 

[ a ~ J s(s)ds^ u x (Li,t) = bv x (Li,t), 

* = 1,2, 

t G (0, + 00 ), 

z(x,0,t) = ut(x,t), 


(x, t) G X (0, + 00 ) 

K z(x, l,t) = fo(x,t- t), 


(x, i) G fi X (0, r). 


(2.4) 


4 




Similar to [21], we denote the Hilbert spaces 


V = |(u,u) G n H l {Li,L 2 ) : u(0,t) = u(L 3 , 0) = 0 ,u(Li,t) = v(Li,t), 

- J £f(s)ds^ u x (Li,t) = bv x (Li,t),i = 1,2 j 


and 

C 2 = L 2 (P) x L 2 {L 1 ,L 2 ). 
Then the existence result reads as follows: 


Theorem 2.2 Assume that p 2 < p\, (Gl) and (G2) hold. Then given (uo,vo) G V, (iti,i;i) G 
C? . and fo G L 2 ((0,1), i/ 1 (H)), f/tere exists a unique weak solution (it, u, z) of problem (12.31) - (12.411 
such that 


(it, u) G G(0, oo; V) fl G 1 (0, oo; C 2 ), 
z G C(0, oo; L 2 ((0,1), H 1 (O))). 


For any regular solution of (I1.1D - (I1.3I) . we define the energy as 

Eft) =\ f u 2 (x,t)dx + [ u 2 x (x,t)dx + \ [ ( gUu x )dx 

z Jn z Jn z J n 

If K(M) +bv 2 x (x,t)\ dx + £ [ [ z 2 (x,p,t)dpd. 

z JnJo 


+ 

where f is a positive constant such that 

rp 2 < C < t(2/xi - p 2 ). 


(2.5) 


( 2 . 6 ) 


Our decay result reads as follows: 


Theorem 2.3 Let (u,v) be the solution of problem (11.1D - (11.31) . Assume that p, 2 < Pi, (Gl), 
(G2) and 


b > 


d(L 2 — L\) 
L\ + L 3 — L 2 


A), 


a > 


4 {L 2 - Li) 
L\ + L 3 — L 2 


A) 


(2.7) 


hold, then there exists constants 70,72 > 0 such that, for all t G M + and for all 71 G ( 0 , 70 ), 


Eft) < 72 e~ 71 Jo £( s ) ds . 


( 2 . 8 ) 


3 Well-posedness of the problem 

In this section, we will prove the existence and uniqueness of problem m-m by using Faedo- 
Galerkin method. 

Proof of Theorem 12.21 We divide the proof of Theorem 12.21 in two steps. 

Step 1: Faedo-Galerkin approximation. 
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We construct approximations of the solution (u, v, z ) by the Faedo-Galerkin method as fol¬ 
lows. For n > 1, let W n = span-J^i,..., Wi} be a Hilbertian basis of the space H 1 (f2) and 
Y n = spanj^i, ... ,ipi} be a Hilbertian basis of the space H l (L\,L 2 ). 

Now, we define for 1 < j < n the sequence ipj(x, p) as follows: 


ipj(x, 0) = Wj(x). 


Then we may extend tpj( x, 0) by <pj(x, p) over L 2 {{ 0,1), H 1 (H)) and denote V n = span{<pi, ... ,tp n }. 

We choose sequences ^Uq', ( u i‘^ i n ^Vq U ^, ™ ^ n an< ^ a sec l uence (^o"^) 

V n such that —> Uo strongly in u\ strongly in —> vq strongly in 

H 1 (L\, L 2 ), — > v\ strongly in H l {L\,L 2 ) and z^ —> /o strongly in L 2 ((0, l),i7 1 (H)). 

We dehne the approximations 


(u {n \x,t),v {n \x,t) S j =^2h\ n \t)(w i (x),'ip i (x)) and z (n) (x, p, t) = ^ f- n \t)pi(x), 

i= 1 i— 1 

where ^ n \t), v^ n \t), z^ (t)) is a solution to the following Cauchy problem: 


(/ 


U^VJi&X — 


au ! n) - 


g*u£ l Aw i + / au^Wixdx - / (g * ) w ix dx 

' J dn Jn Jq \ ’ 

+ / piu^Wi&x + / p,2Z^ n \x, 1, t)u;jdx = 0, 

J O ./fi 


r-^2 


r^2 


I Vtf'ijjidx + / bv^'ipixdx — bv^tpi 

Jl 1 L 


'Li 


■ L 2 
- Li 


= 0 , 


(3.1) 


z (n) (x,0,f) = 'u{ n) (x,t), 


^ n )(0),^ n) ln^ = LI") «(") 


and 


I (rz^ n) (x, p, t) + z ( p n) (x, p, t)) <pidx = 0, 

/">(p,0) = 4 n) . 


(3.2) 


According to the standard theory of ordinary differential equations, the finite dimensional prob¬ 
lem (I3.1D - (I3.2I) have a solution (h[ n \t),f- n \t)\ defined on [0 ,t n ). 

Step 2: Energy estimates. 

Multiplying the hrst and the second equation of (13.11) by (h^j (t), we have 


u i n) dx - 


au j;,") - g * ) Wi 


J dQ 


x h 


, ( n ) 


'(*) + [ 

Jn 


au^u^t dx 


9 * u [ xt 


and 


(•L 2 


dx + f piuf^u^dx + f p 2 Z^ n \x,l,t)u[ n ^dx = 0 (3.3) 

tt )v t n) dx + f bv^v^dx - bv^ipi * x (\ W ) (i) = 0. (3.4) 
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Multiplying the first equation of (|3.2I) by y/,■ (t) and integrating over (0,t) x (0,1), we get 


/ / ( z(n) ) ( x ’P’ t ) d P dx + 

Xi’ (4"’) 2 d^. 


C 

T Jo Jn Jo 


4") z dd (x, p, s)dpdxds 


(3.5) 


To handle the last term in the left-hand side of (13.51) . we remark that 



o Jn Jo 


z^z^ n \x, p, s)dpdxds = 



'o Jn J o 

rt 


d_ 

dp 


z (n) ) (x, p, s)dpdxds 

^ lo In (( z(n) ) ^ x,1,s ) ~ ( z(H) ) ( x ’°> s )) dx ' ds - ( 3 - 6 ) 

Integrating (13.31) and (13.41) over (0, t), counting them and (13.51) up, taking into account (13.61) and 
using Lemma 12.11 we obtain 

4i(t) + fpi ~ J ( 4 n) ) ( x , s)dxds + ^ J (^ (n) ) ( x - s ) dxds 

+ P 2 f [ z dd (x, l,s)ri[ n) (x,s)dxds + ^ f f g(t ) dxds - ^ f [ (g'Uu^A dxds 

Jo Jn z Jo Jn z Jo Jn v 7 

=<4(0), (3.7) 

where 

<4(0 =\ J (4 n) ) (x,t)dx + i/9(t) J (44) ( x ,0 dx + ^ J (gUu ( ^ dx 

+ 1 [ ( v t n) ) ( x ,t) + b(v^ } ) (x,t) dx + ^ f f (4 n) ) {x,p,t)dpdx. (3.8) 

J L\ _ _ J !T2 J 0 

At this point, we have to distinguish the following two cases: 

Case 1: We suppose that p ,2 < Pi and choose Q satisfying (|2.6I) . Young’s inequality gives us 
that 

#«(*)+4 - ^ - f 4 X('‘‘ nl )" (i,s)dids+ (^“?)i X( 2l " > ) 2(x,i,s)dids 

+ \ J Q f 9(t) 4 n) dxd « ~\f 0 f n (5 , ' D 4 n) ) dxd « 

<<4(0). 

Consequently, using (12.61) . we have 

<4(0+ <T J J (4^) ( x > s)dxds + c 2 J J (0 n) ) (x,l,s)dxds 

+ a(t) 44 dxds f 0 f n (4 n 44) dxds 

<<4(0). (3.9) 

Case 2: We suppose that P 2 = Pi = P and choose Q = t/j. Then (13.91) takes the form 

<4(0 + ^ f f git) 44 dxds ~ \ [ [ (4^44) dxds < <4(0). (3.10) 

<< o «n J 0 J 
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Now, since the sequences ( u t 


An) 


nGN 


A n ) 


ne N 




nGN 


A n ) 


nGN 


A n ) 


nGN 


converge 


and using (G2), in the both cases we can find a positive constant C 3 independent of n such that 


^n(i) < c 3 . 


(3.11) 


Therefore, from (13.111) and the Lion-Aubin’s compactness theorem [12], we can pass to the limit 
in (13.11) . The rest of the proof is routine. 


4 General decay of the solution 


In this section, we consider the asymptotic behavior of problem (jl.l|) - (|1.3|) . For the proof of 
Theorem 12.31 we use the following lemmas. 

Lemma 4.1 Let ( u,v,z ) be the solution of problem (12.31) - (12.41) . Assume that P 2 < p\. Then we 
have the inequality 


d 

dt 


Eft) < —C 4 




(x,t)dx + / z 2 (x, l,t)dx 
Jn 


+ T [ ( g'Ou x ){t)dx. 
Z ./o 


(4.1) 


Proof. Multiplying the first equation of (12.31) by ut, the second equation of (12.31) by vt, inte¬ 
grating by parts and (12.41) . we obtain 


1 d_ 

2 dt 

= - hi 


[u 2 (x, t ) + au 2 (x , t)]dx > + 


Id 
2 dt 


rL2 


'£1 


fat (x,t) +bvl(x,t)\dx 


/ u 2 (x, t)dx — pi 2 / utfx, t)z(x, 1, t)dx + / g(t — s) / u x (s)u x t(t)dsdx. (4.2) 
Jn Jn Jo Jn 

From Lemma 12.11 the last term in the right-hand side of (14.21) can be rewritten as 

[ g(t - s) I u x {s)u xt {t)dsdx + \g{t) [ u 2 x dx 
Jo Jn 2 Jn 

g{s) [ u^dxds — [ (g\Ju x )(t)dx\ + - [ ( g’Uu x )(t)dx. 


Id 
2 dt 


So (14.21) becomes 


1 d_ 

2 dt 


[u 2 (x,t) + /3(t)ul(x,t)\ dx \ + 


Id { f L2 

2 dt 


’Lx 


v 2 (x,t) + bv 2 (x, t)]dx 


+ lit 

= — Mi [ u 2 (x,t)dx - H 2 [ ut(x,t)z(x,l,t)dx --g(t) [ u 2 x dx + ]- [ (g'\Tu x )(t)dx. (4.3) 

Jn Jn ^ Jn z Jq 

Now, multiplying the third equation of (I2.3jl by £z and integrating the result over Q x (0,1) 
with respect to x and p respectively, we have 

/ f z 2 (x,p,t)dpdx = -■£- f (z 2 (x, 1 ) - z 2 (x, 0 ))dx. 

w 1 / 0 <212 


(4.4) 







Using (12.51) . (14.31) and (14.41) . we gain 


d 


-E(t) = - Ml - — 


dt 


c 


2 T 


in 




(x,t)dx —— f z 2 (x, 1, t)dx — fi 2 [ Ut(x,t)z(x,l,t)d3 

2r Jn Jn 


g(t) [ 
Jn 


utdx + 


1 


in 2 

By Young’s inequality in (14.51) . we get 


n 


(, g'Uu x )(t)dx. 


(4.5) 


d 


dt 


C d 2 


2 T 


—E(t) < - Ui - — - — / u t (x, t)dx - hr- - / z (x, 1, t)dx 


C 


2 T 


+ 


{g'Uu x )(t)dx. 


Then exploiting ()2.6I) our conclusion holds. The proof is complete. 
Now, we define the functional 3>{t) as follows 


3>{f) = / uu t dx + Ty / u 2 dx + / vvtdx. 

Jn 2 Jn J Ll 

Then we have the following estimate. 

Lemma 4.2 The functional 3>(t) satisfies 

<-l 2 


d_ 

dt 


3>(t) < [ u 2 dx + f v 2 dx + (c*e + e — fi(t)) f u 2 dx +-^-(a — (3(t)) f ( g\Z\u x )dx 
Jn J Li Jn 4e Jn 


+ 


| 

4e 


/ z 2 (x, 1, t)dx — 

Jn 


rL 2 


bv 2 dx. 


(4.6) 


Proof. Taking the derivative of 3>{t) with respect to t and using (12.31) . we have 

CL 2 /*Z/2 


d 

dt 


r r r re 2 re 2 

3>(t) = / tt 2 dx — / (au x — g * i^r^dx — ^2 / z(x, 1, i)wdx + / x 2 dx — / ftt^dx 
J Q J Q J n J L\ J L\ 

= / tt 2 dx —/3(t) / rt 2 dx — / (g o u x )u x dx — g 2 / ~(x, l,t)udx + / x 2 dx 

./Li 


(♦1/2 


6x 2 dx. 


By exploiting Young’s inequality and Poincare’s inequality, we get for any e > 0 

,2 


•70 


X + C*£ I u x dx. 


g ,2 f z(x, 1, t)udx < f z 2 (x,l,f)d, 

Jo 4e Jq 

Young’s inequality and (Gl) imply that 

I (gou x )u x dx<£ [ u 2 dx + — / (gott^dx 
7sj Jo 4e jo 

< £ / u 2 dx + — (a —/3(f)) f (gUkt^dx. 
70 46 JO 


(4.7) 


(4.8) 


(4.9) 


Inserting the estimates (14.81) and (14.91) into (14.71) . then (14.61) is fulfilled. The proof is complete. 
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Now, inspired by B 2 |, we introduce the function 


q(x) = < 


U 


x — 


2 ’ 

L\ L\ + L 3 — L 2 
2 2(L 2 — L\) 


x — 


L 2 + Li 


x € [0, Li], 

(x-Li), xe(Li,L 2 ), 
x € [L 2 > A 3 ]. 


(4.10) 


/>! L3—L2 


It is easy to see that q(x) is bounded, that is |c/(x)| < Af, where M = maxjy ,— 2 
positive constant. And we define the functionals 




is a 


(t) = - q(x)u t (au x - g* u x )dx, & 2 (t) 
Jn 

Then we have the following estimates. 

Lemma 4.3 The functionals (t) and 2 (t) satisfy 


'-l 2 


q{x)v x v t dx. 


(4.11) 


d_ 

~dt 


< 

q(x) 2 

-— (au x — g *u x ) 


^ q{x)u 2 

+ 

a u? M 2 ~ 
- + — 4 - 



on 

L2 J 

an 

2 2 ei 4ei 


I 

Jn 


u 2 dx 


+ [eiM 2 a 2 + fJ 2 {t) + 2M 2 E\(a — fJ{t)) 2 + cfei] f u 2 dx + f z 2 (x,l,t)dx 

Jn 2ei jq 

+ (1 + 2M 2 £ l )(a - j3(t)) [ (gUu x )dx + (a - f3(t))Ei [ (g'\3u x )dx (4.12) 

Jn Jn 


and 


d or u\ / L i + L 3 - L 2 
5 >2<t) s - 4(L 2 - lT) 


Li — L 2 2 


a ^ ^ 4 ~ z vt(L 2 ) 


+ t ((A 3 ~ L 2 )v 2 (L 2 ,t) + Lin 2 (Li, t)) . 


(4.13) 


Proof. Taking the derivative of (t) with respect to t and using (12.31) . we get 

4^1 (t)=~ [ q(x)utt(au x - g * u x )dx - [ q(x)u t (au xt - g{t)u x (t) + (g o u x )(t)) dx 

at Jn Jn 


q(x) 


( au x -g* u x f 


dn 


+ 7 ; I q’(x)(au x - g *u x ) 2 dx- ^q(x)vf 


J an 


+ f / g'(xK 2 dx- [ q(x)(g lUt (x,t) + g 2 z(x,l : t))(g * u x )dx 

1 Jn Jn 

+ / q{x)au x (n\Ut{x,t) + g 2 z(x, 1, t))dx — / g(x)itt[( 5 ' o %)(i) - y(i)u x ]d. 
isi lo 


X. 

(4.14) 


We note that 


- / q\x)(au x - g * ii x ) 2 dx = - 


< 


a-J g(s)ds) u x + gou, 
2 u 2 dx+ / |<7 0 uJ 2 dx 


dx 


[ \fJ(t)\ 2 u 2 dx + j |g 
J Q J 
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< f \/3{t,)\ 2 u 2 x dx + (a - /3(t)) [ (< gUu x )dx. 
Jn Jn 

Young’s inequality gives us for any £\ > 0, 

/ q(x)au x (g 1 u t (x, t) + g, 2 z(x, 1 , t))dx 
Jn 

<£ 2 M 2 a 2 [ u 2 dx + -j^~ [ u 2 dx + -j^~ [ z 2 (x,l,t)dx, 

Jn Jq Asi 


(4.15) 


(4.16) 


q(x)(fj,iu t (x,t) + ii 2 z(x , l,t))(g * u x )dx 


P 2 /* 2 r 

<£\M 2 / (g * u x ) 2 dx + 7 ^- / it 2 dx + / z 2 (x, l,t)dx 

Jo 4ei J^ 4e! J^ 

<2ei M 2 (a — f3(t)) 2 f u 2 dx + 2A7 2 £i(a — /3(f)) f (g\hu x )dx + f u 2 dx 
Jn Jn 4ei J^ 


+ 7 ^- / z 2 (x, l,i)dx 
4ei Jo 


and 


< 


/ g(s)u t [((/ ou 5; )(f)-ff(i)«s]da: 

Jn 

- / u 2 dx + c|ei / u 2 dx + (o —/3(t))ei / (i/Qu^dx. 

4ei Jo Jo Jo 


Inserting (14. 1511 - (14. 18f) into (I4.14|) . we get (14.121) . 

By the same method, taking the derivative of Jh\{t) with respect to t, we obtain 

d j'L'i rL2 

-& 2 {t) = - / q(x)v xt v t dx - / q(x)v x v tt dx 

dt J L , Jl, 


(4.17) 


(4.18) 


-^?(®) v t 


L 2 y yL 2 y rL 2 

+ - I q'(x)v 2 dx + - j bq\x)v 2 dx + 


Li z JL 1 


'Ll 


~^q( x ) v I 


L 2 
Li 


< - 


Li + L 3 — L 2 

4(7/2 — To) V./l 


fL2 


r L 2 

'Li 


u 2 dx + / (w 2 dx ) + ^-u 2 (Li) + , L2 v 2 (L 2 ) 


+ ^ (( 7/3 — h 2 )v 2 (L 2 ,t) + Liv x (Li, t)) 


Thus, the proof of Lemma 14.31 is finished. 
As in [2j, we define the functional 


J ^3 (ft) = t j [ e rp z 2 (x, p, t)dpdx, 

Jn Jo 


then we have the following estimate. 

Lemma 4.4 ( [2] ) The functionals JP^ft) satisfies 

4^3(7) < ~C6 f f z 2 (x,l,t)dx + r f 

\ J J J 0 


z 2 (x, p, t)dpdx^ + J u 2 (x,t)dx. 
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Now, we are ready to prove Theorem 12.31 
Proof of Theorem 12.31 We define the Lyapunov functional 

L(t) = NiE(t) + N 2 3>(t) + N 3 ^(t) + N A & 2 (t) + JT 3 (f), 


(4.19) 


where Ni,N 2 ,N 3 and N 4 are positive constants that will be fixed later. 

Taking the derivative of (|4.19p with respect to t and making the use of the above lemmas, 
we have 


d_ 

dt 


L(t) < ^ — A 1 C 4 + 1 + N 2 + IV 3 ( — + ———h 


M 2 \ 


2 2si 4ei ) 
2 


Ufdx 


+ <{ -i¥,c 4 - c 6 + ^z 2 (x, 1 , t)dx 


+ {—AT 2 (/3(t) — c*e — e) + N 3 (e 4 M 2 a 2 + /3(t) 2 + 2M 2 e 4 (a — (3(t)) 2 + c 2 £ 4 )} f u 2 x dx 

Jn 

b(L] + L 3 — L 2 ) 


+ \~ 
+ 1 - 


4(L 2 — L\) 

Li + L 3 — L 2 
4(L 2 -L,) 


-N 4 - N 2 b 


I Li 


v x dx 


N 4 + N 2 


rL2 

I Li 


v 2 dx 


+ (AT 4 - bN 3 )- ((L 3 - L 2 )vl{L 2l t) + Liu 2 (L 4 ,t)) 


+ (AT 4 - aNz) 


L \ 2 /r .n , -^3 — -^2 2 


A - v t( L i,t)+ 4 


v t (L 2 ,t) 


+ c(N 2 ,N 3 ) J (gUu x )dx + - c(AT 3 )^ J (g'Uu x )dx. 


(4.20) 


At this moment, we wish all coefficients except the last two in (14.201) will be negative. In fact, 
under assumption (12.71) , we can find N - 2 , N 3 and N 4 such that 

iv 2 < —777—AT 4 , iV 4 < WV 3 , ^4 < «AC 3 , AT 2 > N 3 ^ q . 

4(^2 — Li J 

Once the above constants are fixed, we may choose e and e 4 small enough such that 

N 2 (c*e + e) + N 3 (eiMV + 2M 2 e 4 (a - /3(f )) 2 + cj?£i) < A ^ 2 - JV 3 0(t)- 

Finally, choosing N\ large enough such that the first two coefficients in (14.201) are negative 
and the last coefficient is positive. From the above, we deduce that, there exists two positive 
constants a\ and a 2 such that (14.201) becomes 


d /* 

—L(f) < -aiE(t) + a 2 (gUu x )dx. 
dt Jn 


(4.21) 


On the other hand, by the definition of the functionals S>(t), #i(f), J^ 2 (t), & 3 (t) and E(t), for 
N\ large enough, there exists a positive constant a 3 satisfying 


\N 2 S>{t) + N 3 ^(t) + N 4 & 2 (t) + & 3 (t)\ < a 3 E(t), 
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which implies that 


(Ah - a 3 )E(t) < L(t) < (JVi + a 3 )E(t). 

In order to finish the proof of the stability estimates, we need to estimate the last term in 
(14.211) . Exploiting (G2) and (14.11) . we have 

£(t) [ {gUu x )dx < f [(£#)Ou x ]da; < - [ ( g'\Ju x )dx < -2^-E(t). (4.22) 

Jn Jn Jn at 

Now, we define functionals j£?(f) as 

&{t) = Z(t)L(t) + 2a 2 E(t). 

The fact that L(t ) and E{t) are equivalent and (G2) imply that, for some positive constants 
and r/ 2 , 

ViE(t) < Jgf(t) < (4.23) 

Using (14.221) . (14.231) and (G2), we obtain 

jX(t) = C(t)L(t) + «t)4i( t ) + 2c 2 ^E(t) 

<£{t) (-„! E(E) + <.< 2 J {gnu x )Ax\ + 2a 2 ^E{t) 

< -ai£(t)E(t) 

where 70 = We conclude that, for any 71 e (0, 70 ), 

j t nt) < -71 ew^w- 

A simple integration of (|4.24l) leads to 

2Sf(t) < ,£?(0)e _71 fo ^ ds , Vt> 0 

Again, use of (|4.23l) and (14.251) yields the desired result (12.81) . This completes the proof of 
Theorem 12.31 
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